The purpose of this note is to study the (total) geometric genus of the compactified Severi curve V L,g−1 consisting of nodal elliptic curves on a general primitively polarized K3 surface (X, L) of genus g.
Introduction
Let (X, L) be a general primitively polarized K3 surface with c 1 (L) 2 = 2g − 2 for some integer g ≥ 2. The linear system |L| ∼ = P g is the base of a family of curves C on X with arithmetic genus g. For 0 ≤ δ ≤ g, we define the Severi variety V L,δ ⊂ |L| to be the locus of (irreducible) curves with δ nodes, which is codimension δ in |L|.
When δ = g, any curve C ∈ V L,g is a rational curve; in fact, Chen [Che02] has shown that all rational curves in |L| are nodal. The number N g of such rational curves 1 is given by the Yau-Zaslow formula [YZ96] ∞ g=0 N g q g = q ∆(q) = 1 + 24q + 324q 2 + . . .
in terms of modular forms. In this note, we focus on the next case when δ = g − 1. By the compactified Severi curve we mean the closure V L,g−1 ⊂ |L|.
One can ask about the geometry of this curve. For example, what is the asymptotic behavior of the geometric or arithmetic genus? Is it irreducible? For a reduced curve C, we define the geometric genus of C to be the sum of the genera of the components of the normalization. Our main result gives a lower bound for the geometric genus of V L,g−1 .
In [EL18] , it is shown that V L,δ does not contain any pencils P 1 ⊂ |L| for δ g − g 2 . In the same paper [EL18, Remark 2.4], the authors ask whether V L,δ exhibits hyperbolic properties when δ is large. Our result provides positive evidence for this question in this first case. However, it is possible that our space contains components with small geometric genus. (The irreducibility of V L,δ for very general K3 surfaces is known only when g ≥ 11 and δ ≤ g+3 4 [CD19] .) We now give a sketch of the proof of Theorem A. First we observe that on a very general K3 surface (X, L), the compactified Severi curve is birational to the main component 2 of the Kontsevich moduli space of genus 1 stable maps to X (see Lemma 2.3). After specializing to a very general hyperelliptic K3 surface (X 0 , L 0 ), the geometric genus V L,g−1 is bounded from below by the geometric genus of the flat limit M lim 1 (X 0 , L 0 ). The class of this flat limit is equal to the reduced Gromov-Witten virtual class [M 1 (X 0 , L 0 )] vir by deformation invariance.
The hyperelliptic K3 surface X 0 is a double cover of a Hirzebruch surface F branched along a smooth curve B. Multi-tangent curves to B correspond to nodal curves on X 0 . We identify a component F ⊂ M 1 (X 0 , L 0 ) which contains components of M lim 1 (X 0 , L 0 ). These components dominate a curve Ω of positive genus. Adapting the virtual counting techniques in [BL00] , we compute the degree of the cover, giving the desired lower bound of the geometric genus of the compactified Severi curve.
In the appendix, we give another approach to this problem. The space of multi-tangent curves is birational to a degeneracy locus of a vector bundle map on a symmetric product of B. We extend a Fulton-Pagarcz formula to compute the arithmetic genus of our determinantal curve. This gives a lower bound for the arithmetic genus of the Severi variety. Together with a conjecture for smoothness of the degeneracy locus, this would give a stronger exponential lower bound for the geometric genus of V L,g−1 .
Geometry of Severi varieties
Let X be a complex K3 surface, i.e., a projective surface over C with H 1 (X, O X ) = 0 and ω X ∼ = O X , and let L ∈ Pic(X) be an ample line bundle with c 1 (L) 2 = 2g − 2 where g ≥ 2. By Riemann-Roch, we have h 0 (X, L) = g + 1 and every curve C ∈ |L| has arithmetic genus p a (C) = g.
1.1. Severi varieties. For a given integer δ ≥ 0, the Severi variety V L,δ is the subset of |L| consisting of integral curves with δ nodes and no other singularities, so their normalization has genus p = g − δ. Recall the following facts about Severi varieties: Proposition 1.1 (Example 1.3 of [CS97] ). If non-empty, the Severi variety V L,δ is smooth and has pure dimension p.
Let K g denote the irreducible 19-dimensional space of polarized K3 surfaces (X, L) of genus g ≥ 2.
Proposition 1.2 (Proposition 4 of [CD19] ). For general (X, L) ∈ K g , the Severi variety V L,δ is non-empty for all non-negative integers δ ≤ g.
In this paper, we focus on the case where p = 1, so that δ = g − 1. These results imply that for general (X, L) ∈ K g , V L,δ is a smooth curve.
1.2. Severi varieties via specialization. We will study the Severi variety of a general K3 surface by specializing to a hyperelliptic K3 surface. Here we recall some basic features of hyperelliptic K3 surfaces. If L ∈ Pic(X) has no fixed components and c 1 (L) 2 = 2g − 2 > 0, then: Theorem 1.3 (see [SD74] ). The linear system |L| has no base points, and hence defines a morphism φ L : X → P g .
There are two cases.
1. If |L| contains a non-hyperelliptic curve of genus g, then φ L is birational onto a surface of degree 2g − 2 with only isolated rational double points.
2. If |L| contains a hyperelliptic curve, then φ L is a generically 2-to-1 mapping of X onto a surface F of degree g − 1.
We refer to the second case as a hyperelliptic K3. Throughout the paper (X, L) will denote a (very) general K3 surface and (X 0 , L 0 ) a hyperelliptic K3 surface. Recall the following result due to Reid: Rei76] ). For any hyperelliptic polarized K3 surface (X 0 , L 0 ), φ L 0 is a double cover of either P 2 or a Hirzebruch surface F n (n = 0, 1, 2, 3, 4), with ramification curve R ∈ |−2K Fn |.
Hyperelliptic K3 surfaces form a Noether-Lefschetz divisor in each 19-dimensional moduli space K g of polarized K3 surfaces, so any (X, L) specializes to a hyperelliptic (X 0 , L 0 ). The Picard group of a hyperelliptic K3 is rank ≥ 2, and contains the primitive lattice
To see this, there are two cases:
• If g = 2r + 1, it suffices to study the hyperelliptic K3 surfaces X 0 π − → F 0 ∼ = P 1 × P 1 branched along a smooth curve B ⊂ F 0 of bidegree (4, 4). The line bundle L 0 = π * O(1, r) gives a polarization of genus 2r + 1, and along with M 0 = π * O(0, 1) forms the sublattice above. The moduli space of (4, 4)-curves has dimension dim |(4, 4)| − dim Aut(P 1 × P 1 ) = 18.
• If g = 2r, it suffices to study the hyperelliptic K3 surfaces X 0 π − → F 1 branched along a smooth curve B ∈ |4e + 6f |, where e is the section with e 2 = −1, and f is the class of a fiber. The line bundle L 0 = π * O(e + rf ) gives a polarization of genus 2r, and along with M 0 = π * O(f ) forms the sublattice above. The moduli space of branch curves B in F 1 has dimension dim |4e + 6f | − dim Aut(Bl 0 P 2 ) = 18.
For the rest of the paper, we will focus on the first case when the genus g is odd; however, the argument is similar for the even genus case.
Set-Up 1.5. Let (X 0 , L 0 ) be a hyperelliptic K3 surfaces of genus g = 2r + 1 which is a double cover of P 1 × P 1 branched along a smooth (4, 4)-curve B, with L 0 := π * O(1, r).
Remark 1.6. Notice that divisors in P 1 ×P 1 which are tangent to the branch curve B give rise to nodal curves on the hyperelliptic K3 surface. On the other hand, H 0 (P 1 × P 1 , O(1, r)) ∼ = H 0 (X 0 , π * O(1, r)) so the image under π of a nodal curve in π * O(1, r) must lie in O(1, r) . This image is a smooth P 1 , and hence has no nodes. Therefore, the δ-nodal curves on X 0 must come from divisors in P 1 × P 1 which are δ times tangent to B.
Genus one stable maps on a general K3 surface
Let X be a smooth projective variety and β ∈ H 2 (X, Z). The Kontsevich moduli stack M g (X, β) of genus g stable maps to X in class β is a proper Deligne-Mumford stack [FP96] whose C-points parametrize morphisms
where C is a connected nodal curve of arithmetic genus g, f * [C] = β, and Aut(f ) < ∞. In a slight abuse of notation, we will often write L instead of the Poincaré dual of c 1 (L).
For X a very general K3 surface, we compare M 1 (X, L) with the compactified Severi curve V L,g−1 . Let M be the forgetful map. Since M 1 is irreducible of dimension 1, we have two possibilities: µ is either dominant or constant.
If µ were dominant, then its image must meet the boundary point of M 1 , which corresponds to a nodal rational curve. But then M • 1 (X, L) would contain an element whose image is rational and worse than nodal, contradicting the main theorem of [Che02] . Now assume that µ is constant. This means that µ(W ) must represent a smooth elliptic curve (otherwise X would contain a 1-parameter family of rational curves). Let C → X be the universal map over W . After normalizing W and applying semistable reduction, we may assume that there is a diagram
where u is a rational dominant map and q : C → W is a smooth isotrivial family of elliptic curves. Choosing any multisection of q and base-changing along it, we may finally assume that C is a product of an elliptic curve with another smooth curve. By [Moo17, Theorem B], if there exists a rational dominant map from product of two smooth projective curves C 1 × C 2 to a very general K3 surface, then C 1 and C 2 must both have genus at least 512. In particular, this means that X cannot be dominated by a product of an elliptic curve with another smooth curve, which is a contradiction.
If a stable map f : C → X contracts a component C 0 ⊂ C, then C 0 is referred to as a ghost. In the case of M 1 (X, L), a map with an elliptic ghost will have rational image. Proof. Since M 1 (X, L) is proper, any family of stable maps has a unique limit. Consider a family in M • 1 (X, L) limiting to a stable map with rational image. By [Che02] , the image must be nodal, so a flat limit may be obtained by allowing the domain to acquire a node. Such a stable map has no ghost component.
Using these two lemmas, we have the following Corollary 2.3. Let (X, L) be a very general K3 surface. There is a birational morphism
on each component, defined by taking the image of a stable map. In particular, they have the same geometric genus.
Remark 2.4. The Kontsevich moduli stack M 1 (X, L) carries a perfect obstruction theory E • coming from reduced Gromov-Witten theory (see §4.1 for more details) and an associated virtual fundamental class
Throughout the paper, we will be working with reduced virtual classes because we are on a K3 surface. On M • 1 (X, L), the virtual class agrees with the fundamental class, since it has dimension 1. To bound the geometric genus of this curve, let X → ∆ be a hyperelliptic specialization such that X t ∼ = X and X 0 = X 0 is a hyperelliptic K3 surface. We consider the flat limit of M
is a curve in class [M 1 (X 0 , L 0 )] vir . By lower semi-continuity, the geometric genus of V L,g−1 is bounded from below by the geometric genus of M lim 1 (X 0 , L 0 ).
Genus one stable maps on a hyperelliptic K3 surface
In this section, we first recall the moduli stacks defined by Bryan and Leung in [BL00, §4] to deal with multiple covers of nodal fibers of elliptic K3 surfaces. We then define a large component of M 1 (X 0 , L 0 ) on the hyperelliptic K3 surface X 0 , and identify a smooth divisor in that component with a certain product of moduli stacks coming from [BL00].
3.1. Bryan-Leung spaces. The surface Y under consideration in [BL00] is an elliptically fibered K3 surface over P 1 with a unique section S and 24 singular nodal fibers N 1 , . . . , N 24 . Let F be the class of the fiber, so that
Definition 3.1. We say that a sequence s = {s n } is admissible if each s n is a positive integer and the index n runs from −j, −j + 1, . . . , k for some integers j, k ≥ 0. Write |s| for n s n .
i. For a = (a 1 , . . . , a 24 ) ∈ Z 24 ≥0 , let M a be the moduli stack of stable, genus 0 maps to
ii. Let M a be the moduli space of stable, genus 0 maps to Y with image S + aN for any fixed nodal fiber N .
iii. Let Σ(a) be a genus 0 nodal curve consisting of a linear chain of 2a + 1 smooth rational components Σ −a , . . . , Σ a with an additional smooth rational component Σ * meeting Σ 0 (so that Σ n ∩ Σ m = ∅ unless |n − m| = 1 and Σ * ∩ Σ n = ∅ unless n = 0). Given an admissible sequence s(a) = {s n (a)} with s(a) = a, we define M s(a) to be the moduli space of genus 0 stable maps with Σ(a) as the target in the class
Here, the admissible sequence has been extended by zero (if necessary) so that n runs from −a to a.
With this notation in mind, Bryan and Leung prove the following result: For each k > 0, notice that the images of stable maps in M 0 (Y, S + kF ) do not contain any smooth elliptic fibers because the domain is a genus 0 curve. The Kontsevich moduli stack decomposes as follows:
Here, M s(a i ) is identified with stable maps to Y which factor through Σ(a i ). The n-th term in the admissible sequence s(a i ) indicates the degree of the stable map onto the component Σ n ⊂ Σ(a i ). The behavior of the stable map in neighborhoods of distinct nodal fibers is completely independent (see Figure 2 of [BL00, page 386]).
3.2.
Components of the moduli space on a hyperelliptic K3. Let X 0 → P 1 × P 1 be a hyperelliptic K3 surface of genus g branched along a curve B of bidegree (4, 4) and L 0 = π * O(1, r), where g = 2r + 1. The morphism B → P 1 given by the second projection is of degree 4, and from Riemann-Hurwitz we know that a general (4, 4)-curve has 24 simple ramification points. These ramification points give exactly 24 fibers in the linear series O(0, 1) which are tangent to B. Let R i (i = 1, . . . , 24) denote the preimages of these fibers on the K3 surface, which are nodal rational curves. Let T = π * O(1, 0) be the class of an elliptic bisection and F = π * O(0, 1) a fiber class, so that F 2 = 0, F · T = 2, T 2 = 0.
We now define some relevant substacks of M 1 (X 0 , L 0 ).
• Let Ω ⊂ M 1 (X 0 , π * O(1, 1)) be the locus of stable maps with smooth domain, whose image in X 0 contains exactly two nodes. By Remark 1.6, such curves are the pullbacks of irreducible (1, 1)-curves twice tangent to B ⊂ P 1 × P 1 .
• Let F ⊂ M 1 (X 0 , L 0 ) be the locus of stable maps whose restriction to a genus 1 component of the domain lies in Ω. The other components in the domain are rational curves that must map into the nodal fibers R i .
Both substacks have proper closures, Ω and F. We call F the fixed fiber component; it admits a natural forgetful map
For a general J ∈ Ω, the preimage F(J) := τ −1 (J) is a smooth proper divisor in M 1 (X 0 , L 0 ), which admits decomposition into spaces which we will define below.
i. For a = (a 1 , a 2 , . . . , a 48 ) ∈ (Z ≥0 ) 48 , let F a (J) be the moduli stack of stable, genus 1 maps to
The two coefficients in front of each R i correspond to the fact that the elliptic bisection J meets each R i in two points.
ii. For any fixed nodal rational fiber R, let F a (J) be the moduli stack of stable, genus 1 maps to X 0 with image J + aR.
iii. Let E(a) be a genus 1 nodal curve consisting of a linear chain of 2a + 1 smooth rational components E −a , . . . , E a with an additional smooth elliptic component E * meeting E 0 (so that E n ∩ E m = ∅ unless |n − m| = 1 and E * ∩ E n = ∅ unless n = 0). The moduli stack F s(a) (J) is defined to be the moduli stack of genus 1 stable maps with E(a) as the target in the class E * + a n=−a s n (a)E n .
As before, the admissible sequence has been extended by zero so that n lies in [−a, a].
Along the lines of Lemma 3.2, one can show that each F a (J) is a disjoint union Then for a general J ∈ Ω, F(J) has the following decomposition as in the Bryan-Leung case:
Compared to Σ(a) in the Bryan-Leung setting, we only replace the smooth rational curve Σ * by a smooth elliptic curve E * . Other parts of the set up remain unchanged. The only difference is that we fix a map h : E(a) → X 0 by requiring that E * maps to J with degree 1 and each E n maps to R with degree 1.
Identification of moduli stacks.
Proposition 3.4. There is an isomorphism of moduli stacks
where the fiber over t ∈ T is a stable map with target Σ * + a n=−a s n (a)Σ n .
Similarly, we have
where the fiber over t ∈ T is stable maps with target
Σ * is replaced with E * , and there are isomorphisms Σ n ∼ = E n which preserve the intersections between the components. Furthermore, u −1 (Σ * × T ) is a P 1 -bundle which admits a morphism of P 1 -bundles to T ∼ = P 1 × T , so it is trivial. The morphisms in the groupoids are defined similarly.
Virtual intersection counts
In this section, we first compare the virtual fundamental classes M s(a) and F s(a) (J) to refine the isomorphism in Proposition 3.4. We then use this to prove the main theorem.
4.1. Virtual Fundamental Classes. We review the formalism of Behrend-Fantechi [BF97] for associating a virtual fundamental class to a Deligne-Mumford stack M endowed with a perfect obstruction theory E • .
Definition 4.1. A perfect obstruction theory is a 2-term complex of vector bundles
which is compatible with the cotangent complex of the moduli stack M in the sense of [BF97] . We associate to E • the vector bundle stack E defined by the quotient
Definition 4.2. The intrinsic normal cone of M is defined as follows: first embed M into an ambient smooth stack A, and then take the quotient
As a consequence of the machinery of a perfect obstruction theory, there is a closed embedding j : N → E. We define vdim(M) := rk E 0 − rk E 1 . Note that dim N = 0 and dim E = dim M − vdim(M). 
Let (X 0 , L 0 ) be a general hyperelliptic K3 surface of genus g as in Set-up 1.5. Let Ω be the space defined in §3.2. Let J be a general element in Ω. We will use the formalism above to compare two classes in CH 0 (F(J)). First, the virtual class on M 1 (S 0 , L 0 ) in dimension 1 restricts to a dimension 0 class on the smooth proper divisor F(J). Second, there is a perfect obstruction theory on each Bryan-Leung space M s(a) with virtual dimension 0. Proposition 3.4 gives an isomorphism of stacks Lemma 4.5. For a general element J ∈ Ω, we have:
Proof. Let N ⊂ E be the intrinsic normal cone of M 1 (X 0 , L 0 ). Let E • be the perfect obstruction theory associated to M 1 (X 0 , L 0 ), where E := H 1 (E • ). Consider the diagram
can be computed in two ways:
Since Ω is generically smooth, F is smooth in a neighborhood U of F(J), so
In this situation i * E is the obstruction bundle of F(J). This implies that
One can show along the lines of [BL00, §A.1] that E splits into a direct sum respecting the product decomposition in equations (1) of §3.2. Let E BL be the obstruction bundle coming from Bryan-Leung spaces. We compare i * E with E BL using the tangent-obstruction complex for the reduced Gromov-Witten theory, which would give
Consider a stable map
where C * → E * is an isomorphism of genus one components, Ψ is a tree of rational curves with a map to E n . and h : E * ∪ E n → X 0 is a fixed map as in Remark 3.3. Let C := C * ∪ Ψ. The fibers of the tangent-obstruction complex fit into an exact sequence 0
Aut
where Aut(C) is the space of infinitesimal automorphisms of the domain, Def(C) = Def(C * , p) is the space of infinitesimal deformations of the domain, H 2 (X 0 , O X 0 ) is the tangent space of the twistor family of Kähler structure on X 0 (this is present in the reduced obstruction theory), and H i (E • ) [f ] denotes the fiber of the cohomology sheaf of the obstruction theory at [f ]. The connecting homomorphism ∂ is the differential of the forgetful morphism which sends a deformation of f to the underlying deformation of (C * , p).
Since the underlying family Ω of elliptic curves is non-isotrivial, ∂ surjects onto Def(C), and is 0 on H 2 (X 0 , O X 0 ). The contribution of C * to H 1 (C, f * T X 0 ) is the middle term of
The restriction of the map α to H 2 (X 0 , O X 0 ) gives the natural isomorphism
As a result, we have
This allows us to identify i * E with the obstruction bundle E BL after pulling it back via the isomorphism in Proposition 3.4. 3
Proof of main theorem.
Recall that by Corollary 2.3, for a very general K3 surface (X, L) we know that the compactified Severi curve V L,g−1 is birational to M • 1 (X, L) component by component, which has virtual class equal to its fundamental class. Let us specialize from (X, L) to a very general hyperelliptic K3 surface (X 0 , L 0 ) as in Set-up 1.5, with g = 2r +1. We have a family of Kontsevich moduli spaces, each equipped with a virtual class. M 
for some constant C > 0. Here, genus means total geometric genus. It now suffices to show that genus(Ω) > 1 and calculate the degree of the cover.
Lemma 4.6. For a very general hyperelliptic (X 0 , L 0 ), the geometric genus of each irreducible component of Ω is at least 9.
Proof. Let B be a very general smooth (4, 4) curve on P 1 × P 1 . The curve
is birational to Ω, it suffices to consider Z 2 .
Since the genus of B is 9 and B is not hyperelliptic (see Lemma A.5), the Abel-Jacobi map Sym 2 (B) → Jac(B) is an embedding so Z 2 embeds into Jac(B). It follows from [CvdG92, Corollary 1.2] that Jac(B) is simple because H 1,0 (P 1 × P 1 ) = 0 and B is a very general element of a linear series. The Jacobian of the normalization of each component of Z 2 has a nonconstant map to Jac(B), so the geometric genus of each component is at least 9.
Proposition 4.7. For a general element J ∈ Ω, we have
for some constant C > 0.
Proof. By Lemma 4.5, we have equivalences
The virtual class has a decomposition compatible with the decomposition of F(J) as in §3.2:
Each 
for some constant C > 0. The last equality follows from the Hardy-Ramanujan asymptotic for the partition function.
Remark 4.8. In fact, Lemma 5.8 in [BL00] implies that all components V i of M lim 1 (X 0 , L 0 ) over Ω are reduced because each virtual count is either 1 or 0.
Open problems
In this section, we collect some natural remaining questions. For P 2 , irreducibility of the Severi variety of degree d and geometric genus g curves was proved by Harris [Har86] . As mentioned in the introduction, the Severi variety V L,δ of a very general primitively polarized K3 surface (X, L) with c 1 (L) 2 = 2g − 2 is irreducible when g ≥ 11 and δ ≤ g+3 4 (see [CD19] ). On the other extreme, when δ = g − 1, one can ask:
Problem 5.1. Is the compactified Severi curve V L,g−1 irreducible or even connected?
In a similar vein, it may be easier to give an upper bound for the maximum number of irreducible components of V L,g−1 . Comparing this with the bound in Theorem A would give an approach to the less ambitious:
Problem 5.2. As g → ∞, does V L,g−1 have an irreducible component of arbitrarily high geometric genus?
Lemma 4.6 implies that some irreducible components of V L,g−1 have geometric genus at least 9 (adapting the arguments in §4.2). Ultimately, one hopes for an explicit formula in the spirit of the Yau-Zaslow formula [YZ96] .
Problem 5.3. Find an explicit formula for the total geometric genus of V L,g−1 on a very general K3 surface.
More speculatively, we expect a similar result in higher dimensions:
Problem 5.4. For δ close to g, does the Severi variety V L,δ exhibit hyperbolic behavior in the sense that it does not contain rational or elliptic curves?
A. Appendix
In this appendix, we give a stronger conjectural lower bound for the geometric genus of the compactified Severi curves. Instead of the locus of highly reducible curves in F(J) ⊂ M 1 (X 0 , L 0 ), here we consider the locus of irreducible curves.
Let X 0 π − → P 1 × P 1 be a hyperelliptic K3 surface branched over a (4, 4)-curve B, as in Set-up 1.5. Recall from Remark 1.6 that a curve in O(1, r) that is simply tangent to B pulls back to a nodal curve in π * O(1, r) . With this in mind, let us define
Pulling back each D via π, we see that Γ 2r is isomorphic to the closure of the locus of irreducible genus one curves on X 0 . Our goal is to estimate the arithmetic genus of Γ 2r .
The strategy is to first show in §A.1 that Γ 2r is dominated by a determinantal curve Z 2r satisfying some transversality conditions. In §A.2, we derive an exponential formula for the arithmetic genus of Z 2r in a more general setting.
Conjecture A.2. Z 2r is smooth for a general hyperelliptic K3 surface. In particular,
Indeed, if Z 2r is smooth, then genus(Γ 2r ) ≥ O(4 r+3 ). As Γ 2r is a 1-dimensional component of M 1 (X 0 , L 0 ), it lies in the support of M For A ∈ B 2r , we say that D ∈ O(1, r) is tangent to B at A if D belongs to the kernel of the evaluation map:
There is an incidence correspondence
Let p 1 , p 2 be the two projection maps from Φ to O(1, r) and B 2r . We now define Γ 2r := p 1 (Φ), Z 2r := p 2 (Φ).
We will show in Proposition A.4 that for general choice of B, p 2 : Φ → Z 2r is an isomorphism. To construct Z 2r , consider the secant bundle F N on B 2r associated to N , whose fiber over A ∈ B 2r is given by
The evaluation map on fibers gives rise to the map
Notice that h 0 (P 1 × P 1 , O(1, r)) = 2r + 2, so
Hence, we realize Z 2r as the (2r + 1)-th degeneracy locus, Z 2r = D 2r+1 (ev). Before computing its class, we show that Z 2r is a curve (as expected) and satisfies some transversality conditions.
Proposition A.3. If B is a general smooth (4, 4)-curve, then D 2r (ev) is empty.
Proof. Suppose D 2r (ev) is not empty. Then there exists A ∈ B 2r such that D − 2A is a degree 4 divisor moving in a pencil on B.
We claim that this pencil does not come from either ruling. If it did, then we must have D = F + D where F is either O(0, 1) or O(1, 0) (because one of the rulings must be tangent to B). Such a divisor would have too few tangencies because B is a general (4, 4)-curve, which proves the claim. But by the Lemma A.5, there are no other g 1 4 's on B, giving a contradiction.
Proposition A.4. If B is a general smooth (4, 4) curve, then p 2 is an isomorphism onto its image and p 1 is a birational morphism onto its image. In particular, dim Z 2r = dim Γ 2r = 1 and p a (Γ 2r ) ≥ p a (Z 2r ).
Proof. Suppose the fiber of p 2 : Φ → Z 2r over A ∈ Z 2r contains two points D 1 , D 2 ∈ O(1, r) . Then they would span a two dimensional subspace of ker(ev A ), which contradicts the Proposition A.3.
If p −1 1 (D) consists of multiple points for a general D ∈ Γ 2r , then D must be tangent to B at ≥ 2r + 1 points, which would give a rational curve on X 0 . But this would imply that X 0 is uniruled, a contradiction. Now we observe that dim Γ 2r ≥ 1 but dim Γ 2r+1 = 0 implies that dim Γ 2r ≤ 1. Proof. From the projection(s) to P 1 , we see that
Given a smooth projective curve C, recall from [BDE + 17] that if K C is p-very ample, then gon(C) ≥ p+2. Since K B ∼ = O(a−2, b−2)| B is (a−2)-very ample, it follows that gon(B) = a. For our purposes, it suffices to show that for the case a = b there there are exactly two pencils of minimal degree which come from each of the projections to P 1 (the case a < b is very similar). Suppose D is a collection of a points on B that gives a non-ruling pencil. We will prove that D imposes independent conditions on |K B | = O B (a − 2, a − 2) , which contradicts with geometric Riemann-Roch.
Let f 1 = O(1, 0) and f 2 = O(0, 1) be the two rulings. Without loss of generality, let h be the maximal number of points that lie on a fiber in class f 1 , corresponding to the points p 1 , . . . , p h . We can clearly separate the points when h = 1, so assume that h ≥ 2. It suffices to separate one of the p i from the other points in D − p i . Choose h − 1 rulings in the class of f 2 that pass through p 1 , . . . , p i , . . . p h (we can do so because h ≤ a − 1). We can then choose ≤ (a − h) rulings in the class f 1 to pass through D − {p 1 , . . . , p h } since h ≥ 2.
A.2. Arithmetic genus of determinantal curves. Let X be a smooth projective variety of dimension n and let ψ : V → F be a vector bundle map on X. Suppose V is a trivial bundle of rank n + 2 and F is a vector bundle of rank 2n. Let Z denote the (n + 1)-th degeneracy locus of ψ. Assume the following two conditions hold:
(1) Z is of expected dimension (dim Z = n − (2n − n − 1) = 1).
(2) D n (ψ) = ∅.
We then have
Proposition A.6. The arithmetic genus of Z can be calculated by
In particular, if Z is smooth, we recover the Fulton-Pragacz formula for the Euler characteristic of a determinantal curve (cf. [FP06, Chapter 5]).
To briefly summarize the idea of the proof, one can identify Z with a subvariety Z ⊂ P sub V which is the zero locus of a bundle morphism. The argument reduces to computing the arithmetic genus of Z , which is an application of Porteous' formula. We would like to point out that this method of proof relies on the fact that ker(ψ) Z is a line bundle.
A.3. Proof of Proposition A.1. Recall that Z 2r is the (2r + 1)-th degeneracy loci of the vector bundle map ev : H 0 (P 1 × P 1 , O(1, r)) ⊗ O C 2r → F N .
By Proposition A.6, in order to calculate p a (Z 2r ) we need the Chern classes of F N . We address this question in a general setting, following closely with the presentation of [ACGH85, Chapter VIII]. Let C be a smooth projective curve of genus g and let C n be the n-th symmetric product. Let p and q denote the projection maps
Let ∆ be the universal divisor of degree n on C × C n and let N be a line bundle of degree d on C. Consider the bundle F N of rank 2n associated to N on C n :
Let V be a vector space of dimension n + 2. We are interested in p a (D n+1 (ϕ)), where ϕ is a vector bundle map ϕ : V ⊗ O Cn → F N .
Consider the following classes in H 2 (C × C n ):
(1) Let η = p * [a] be the pullback of a point a ∈ C,
(2) Write x = q * [a + C n−1 ] for the pullback of the divisor [a + C n−1 ] on C n ,
(3) Let θ denotes the pullback of the class θ ∈ H 2 (Pic n (C), Z) (dual to the theta divisor) to C × C n via projection and Abel-Jacobi map C n → Pic n (C), (4) Finally, δ := [∆] ⊂ C × C n denotes the class of the universal divisor.
Proposition A.7. Assuming D n (ϕ) = ∅, we have 2 − 2p a (D n+1 (ϕ)) = (2 − n) · n k=0 d − n − g k 2 2n−k (n − k)! · (x k · θ n−k )
· (x k · θ n−1−k ).
Proof. From [ACGH85, page 322], we have c 1 (C n ) = −(g − n − 1)x − θ.
Next, we use Grothendieck-Riemann-Roch to compute ch(F N ) = d + 1 − g + (2n + g − 1 − d + 4θ)e −2x .
From this, we recover c 1 (F N ) = (−4n − 2g + 2d + 2)x + 4θ. Here, we extend the usual binomial coefficients in the following ways. When 0 ≤ n < i, we define n i = 0.
When n < 0, we have
Finally, we can apply Proposition A.6 to get the desired formula.
Proof of Proposition A.1. The first condition is satisfied because Severi varieties on K3 surfaces are of the expected dimension. Proposition A.3 guarantees the second condition.
Since C is a (4, 4)-curve on P 1 ×P 1 , it follows that p a (C) = 9 and deg C (O(1, r)| C ) = 4r +4. Applying the previous proposition with d = 4r + 4, n = 2r, and g = 9, we arrive at 
